Temperature dependence of spin polarizations at higher Landau Levels 
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We report our results on temperature dependence of spin polarizations at :^ = 1 in the lowest as well 
as in the next higher Landau level that compare well with recent experimental results. At ;/ = 3, 
except having a much smaller magnitude the behavior of spin polarization is not much influenced 
by higher Landau levels. In sharp contrast, for flUing factor v — ^ we predict that unlike the case 
of 1/ = I the system remains fully spin polarized even at vanishingly small Zeeman energies. 



It has been long established that spin degree of free- 
dom plays a very important role in the quantum Hall 
effects [|1J§1, that are unique demonstrations of electron 
correlations in nature. At the Landau level filling factor 
v — 1 (v = Tig/ Us, where Ue is the electron number and 
Us = AeB/hc = A/2tt£q is the Landau level degeneracy, 
A is the area of the system and £q is magnetic length) the 
ground state is fully polarized with total spin S — ne/2 
^ . A fully spin polarized state is also expected for ;/ = | , 
while a spin unpolarized state is predicted for the filling 
factor i^ — 2/m, where m is an odd integer H. Re- 
cently, a new dimension to those studies was introduced 
by Barrett et al. M (sec also pj) in their work on spin ex- 
citations around z/ = 1 and also temperature dependence 
of spin polarizations at z^ = 1 . Since then several experi- 
mental groups have explored spin polarization of various 
other filling factors. In these experiments, direct infor- 
mation about electron spin polarization at various filling 
factors can be obtained via nuclear magnetic resonance 
(NMR) spectroscopy. Information about spin polariza- 
tion of the two-dimensional electron gas in an externally 
applied high magnetic field is derived here from measure- 
ments of Knight shift of ''^Ga NMR signal due to con- 
duction electrons in GaAs quantum wells in the quantum 
Hall effect regime. For a fully polarized ground state, as 
is the case for i^ = 1 and i^ = ^ experimental results 
indicate that spin polarization saturates to its maximum 
value at very low temperatures and drops rapidly as the 
temperature is raised (Fig. nl and also reported earlier 
in Ref. |4|j|]). At large T, spin polarization is expected 
to decay as T~^ I^Hq] ^^^ was found experimentally to 
behave that way [i,^. 

Recently, Song et al. |^ reported NMR spectroscopy in 
a somewhat similar set up as that of Barrett et al. M in 
order to explore v = 1 and z/ = 3. Interestingly, temper- 
ature dependence of spin polarization at i^ = 3 revealed 
a different behavior as compared to that at i^ = 1. More 
specifically, the results of Song et al. indicated that even 
at the lowest temperature studied, electron spin polariza- 
tion at t" = 3 does not show any indication of saturation 
and with increasing temperature it sharply drops down 
to zero (Fig. g). In this paper, we investigate spin polar- 



ization versus temperature at z^ = 1 in the lowest Landau 
level as well as in the next Landau level. We also compare 
our results with experimental results of Ref. Q . At low 
temperatures, the behavior of spin polarization at v = 3 
is similar to that at i^ = 1 but of much smaller magni- 
tude. These results agree reasonably well with available 
experimental data at z/ = 3. However, discrepancies be- 
tween our theoretical results and the experimental data 
remain at higher temperatures. We also present theoret- 
ical results for i^ = | in the next higher Landau level. At 
I' = |, convincing evidence exist about the spin polariza- 
tion in the lowest Landau level [p 10 ll]. But there are 
no experimental data available as yet for spin polariza- 
tions in the next higher Landau level, i.e., at i^ = |. We 
find (somewhat unexpectedly) that for ly — ^, even at a 
vanishingly small Zeeman energy, electrons in the higher 
Landau level remain fully spin polarized. 

We have calculated temperature dependence_ of spin 
polarization for different filling factors from 

(5,(r))^l^e-^/'=^(j|^,|j) 
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where Z — J2i ^ 



-Sj /kT 



is the canonical partition func- 



tion and the summation is over all states including all 
possible polarizations. Here Sj is the energy of the state 
\j) with Zeeman coupling included. They are evaluated 
for finite-size systems in a periodic rectangular geometry 
B . Our earlier theoretical results indicated that at small 
values of the Zeeman energy, temperature dependence 
of spin polarization is non-monotonic for filling factors 
1/ — 2/m, m > I being an odd integer. In particular, 
for V — ^ and v — ^, we found that spin polarization 
initially increases with temperatures, reaching a peak at 
T ~ O.Oli^ when it falls as \/T with increasing temper- 
ature. Appearence of the peak was associated with spin 
transitions at these filling factors and was found to be in 
good agreement with the experimental observation [[lO| . 
For V — \ and v = 1/3, our results are also in excel- 
lent agreement |7[] with the earlier available experimental 
resuhs m. 

In our present work, energies are evaluated via exact 
diagonalization of a few electron system in a periodic 
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FIG. 1. Temperature dependence of spin polarization at 
V = 1 for two different values of finite-thickness parameter /3. 
Experimental data points are from Ref. IJ]. 
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FIG. 2. Temperature dependence of spin polarization at 
V = i for different values of (5. Experimental results are from 
Ref. i. 



rectangular geometry g . Since even at the lowest exper- 
imental magnetic field the Landau level separation hujc is 
still an order of magnitude greater than typical energies 
due to the Coulomb interaction, electrons in the lowest 
Landau level can be treated as inert. In the calculations 
that follow we can therefore consider the lowest Landau 
level to be an uniform background causing merely a con- 
stant shift to interaction energies. The higher Landau 
levels then enter the system Hamiltonian via a modified 
interaction potential |1^. More specifically, for a finite 
number of active electrons iVe in a rectangular cell and 
choosing the Landau-gauge vector potential, the Hamil- 
tonian in the n = 0, 1 Landau levels is (ignoring the ki- 
netic energy and single-particle terms in the potential 
energy which are constants 0), 



H — 2_^ ■Anji 
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Here a and b are the two sides of the rectangular cell 
that contains the electrons. The Fang-Howard varia- 
tional parameter b' is associated with the finite-thickness 
correction H, e is the background dielectric constant, 
and the results are presented in terms of the dimension- 
less thickness parameter (3 — {b'io)~^. The Kronecker S 
with prime means that the equation is defined mod n^, 
and the summation over q excludes qx — qy = 0. This 
numerical method has been widely used in the quantum 
Hall effect literature [pj and is known to be very accurate 
in determining the ground state and low-lying excitations 
in the system. 

Our results for (S'^(T))/max(S'^(T)) vs T for an eight- 
electron system in a periodic rectangular geometry at 
1^=1 are presented in Fig. |l| where we also present 
the experimental data of Ref. |9[| for comparison. Here 
the temperature is expressed in units of e^/e^o and the 
conversion factor to K is e^/elolK] = 51.67(i?[tesla]) 2 
appropriate for system studied in experiments. In our 
calculations, we fix the parameters as in the experimen- 
tal systems: the Lande g-factor is 0.44 and the magnetic 
field is i? = 9.4 tesla. The curves that are close to the ex- 
perimental data (and presented here) are for f3 — 2 — i. 
As we discussed above, at low temperatures there is a 
rapid drop in spin polarization and for high tempera- 
tures spin polarizations decay as 1/T. Our results are in 
good agreement with those experimental features. They 
were also in good qualitative agreement with the earlier 
experimental results at this filling factor M. While not 
entirely new, these results are presented with the inten- 
tion of comparing them with the temperature dependence 
of spin polarization at i^ = 3. The results in the latter 
case are shown in Fig. (again for an eight-electron sys- 



tern in a periodic rectangular geometry) . In drawing this 
figure, we have taken the following facts from the experi- 
mental results of Ref. Q into consideration: (a) that the 
maximum (Sz) is in fact, 1/3 and not 1 as in i^ = 1, (b) 
the experimental scale at i^ = 3 of Ref. |^ is the same 
as that ai V — 1, and (c) spin polarization at v — 3 is 
drawn in Fig. || in the same scale as for i^ = 1. All the 
parameters except the magnetic field are kept the same 
as in the case oi v = 1. Just as in the experimental sit- 
uation, we fix the magnetic field for t/ = 3 at a much 
lower magnetic field of _B = 4.4 tesla. The filled Landau 
levels, however, are still found to be inert at this low field 
and does not influence our chosen Hamiltonian. As seen 
in Fig. n^, numerical values of spin polarization are much 
smaller here than those for i^ = 1. Our theoretical results 
for /3 = 2 — 4 agree reasonably well with the experimental 
results of Ref. pi except in the high temperature regime 
where the experimental data drop down to zero. Theo- 
retical results, in contrast, have the usual l/T tail. We 
should point out however, that due to discreteness of the 
energy spectrum for finite number of electrons the terms 
with Sz and —Sz in the polarization cancel each other 
at high temperatures like l/T and we will always end 
up with l/T decay of (SziT)) vs T §]. Therefore, we 
cannot predict with certainty how a macroscopic system 
would behave at high T. However, given the fluctuations 
in data points for v = 1 and v — S and the fact that 
the last few data points for u = 3 are extremely small, 
it is not clear if one expects saturation of points with 
l/T behavior or the spin polarization actually vanishes. 
Clearly, experimental data at high temperatures do not 
show any sign of saturation and in order to settle the 
question of actual vanishing of {Sz{T)) it would be help- 
ful to have more data in the high temperature regime. 
Saturation is also not visible in the low-temperature re- 
gion of the experimental data. In order to clarify many 
of these outstanding issues, it is rather important to have 
more experimental probe of temperature dependence at 
this filling factor. 

Influence of higher Landau levels is found to be quite 
significant for filling factor u — ^. As we have demon- 
strated earlier 0, at low Zeeman energies the system at 
this filling factor is spin unpolarized and with increasing 
Zeeman energies, the system undergoes a phase transi- 
tion to a fully spin polarized state. Similar result is also 
expected ioi ly — ^. These theoretical predictions are 
now well established through a variety of experiments 
0,0jl4|-|l|l. Our results for {Sz{T)) vs T at i/ = | 
are shown in Fig. y, where we present results for a six- 
electron system and a magnetic field value of 4.4 tesla. In 
Fig. g, we present our results for /9 = 2, 4, but the spin po- 
larization is rather insensitive to the finite-thickness cor- 
rection. We also consider two different values of Lande 
g-factor: 0.44 (solid curves) and 0.05 (dashed curves). 
Interestingly, the results indicate that the total spin S of 
the active electrons, unlike in the lowest Landau level, is 
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FIG. 3. Temperature dependence of spin polarization at 
i/ = I for (3 — 2,4: and two different values of Lande g-factor 
{g = 0.44 and g = 0.05). The results are almost independent 
of/?. 



at its maximum value S = Ne/2 even without Zeeman 
coupling. Hence even an infinitesimal Zeeman coupling 
will orient the spins in the active system resulting the 
polarization to be 1/4. That is at odds with the conven- 
tional composite fermion model which predicts fractions 
of the form 2 + 2/m, m odd, to be unpolarized ||l8[. This 
somewhat surprising behavior can be thought to be due 
to more repulsive effective interactions forcing the elec- 
trons, according to Hund's rule, to occupy the maximum 
spin state more effectively as compared with electrons 
on the lowest Landau level. In order to demonstrate this 
behavior we have considered the case of a very small Zee- 
man energy (dashed curves), but the results still indicate 
full spin polarization of the active system. At this low 
Zeeman energy, spin polarization drops rather rapidly 
from its maximum value as the temperature is increased. 
In this context we should mention that the idea of an 
extremely small Zeeman energy is not that far fetched: 
in recent experiments, a significant reduction in Zeeman 
energy has been achieved by application of a large hy- 
drostatic pressure on the heterostructure |19,Q9,Effl. It 
is even possible to have situations close to zero Zeeman 
energy J21| . With the help of all the different techniques 
available in the literature to study spin polarization, it 
should be possible to explore {Sz{T)) for i^ = |. 

In closing, we have investigated spin polarization as a 
function of temperature for i/ — 1 and i^ = ^ in the higher 
Landau level. Our results indicate that for v — 3 our 
theoretical results are not much infiuenced by the higher 
Landau level (except being much lower in magnitude). 
Available experimental results are incomplete at low and 
high temperature regions where no saturation of data 



points have been observed. Our results at j/ = | reveal [19] N.G. Morawicz, et al., Semicond. Sci. Technol. 8, 333 

that the system is always fully spin polarized even at (1993). 

very small Zeeman energies. That is in contrast to the [20] S. Holmes, et al., Semicond. Sci. Technol. 9, 1549 (1994). 

behavior at i/ = | which at low Zeeman energies has Pl] D.R. Leadley, et al., Phys. Rev. Lett. 79, 4246 (1997). 

a spin unpolarized state that is well supported by 

various experimental investigations. More experimental 

data points at t" = 3 in the low and high-temperature 

regime would be very helpful. Experimental probe of 

1/ = I with NMR and optical spectroscopy should be 

able to explore the spin states predicted in the present 

work. 
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